We describe an exact solution of the nonlinear governing equations for the internal equatorial water waves with an underlying current in the f -plane approximation near the equator. These waves travel westward at a constant speed, and a strong uniform horizontal current underlies the flow.
Introduction
Tropical dynamics has been a topic of interest for the past few decades because it is important for understanding the ocean currents and climate system. The equatorial waves are trapped near the equator and travel along the thermocline, which separates warm (and less dense) surface water from colder deep water. Field data shows that these equatorial waves present nonlinear properties. They play a key role in the El Nino-Southern Oscillation (ENSO) phenomena (Cushman-Roisin and Beckers [1] ).
There is a large literature on linear equatorial wave dynamics. The nonlinear literature, on the other hand, is much less developed. Recently, some exact solutions describing nonlinear equatorial flows in the Lagrangian framework were obtained. Lagrangian solutions present the great advantage that the fluid kinematics may be described explicitly (Aleman and Constantin [2] , Bennett [3] , Hsu et al. [4, 5] , Hsu [6] . In Constantin [7] equatorially trapped wind waves were presented in the β-plane approximation-see also the discussion in Constantin and Germain [8] and Hsu [9] . In Constantin [10] internal waves describing the oscillation of the thermocline as a density interface separating two layers of constant density, with the lower layer motionless, were presented. Hsu [11] extended the flow in [10] to study the equatorial internal waves with an underlying current.
The presence of strong currents in the Equatorial Pacific is well-documented; cf. Philander [12] . Mollo-Christensen [13] studied Gerstner's wave with an underlying current in a number of physical settings. Henry [14] presented an exact solution for equatorial waves with an underlying current in the β-plane approximation. In this paper we present an exact solution to the f -plane governing equations for the internal equatorial waves interacting with a uniform current. The unique feature of the f -plane approximation being considered is that it allows the waves to be westward propagating [15] , unlike the more general β-plane setting. This is interesting since the famous Equatorial Undercurrent (EUC) is indeed westward propagating on the surface. Constantin [16] and Henry and Matioc [17] present recent rigorous mathematical results for such westward propagating equatorial water waves with currents. The wave solution we construct corresponds to steady zonal waves, travelling westward in the longitudinal direction with constant speed (Section 2). Section 3 is devoted to the presentation of the explicit solutions, while the last section is devoted to a discussion of the flow pattern.
Preliminaries
The Earth is taken to be a sphere of radius (R = 6371 km), rotating with constant rotational speed Ω = 7.29 ·
10
−5 rad s −1 round the polar axis toward the east, in a rotating frame with the origin at a point on the Earth surface. In our Cartesian coordinates, (x, y, z) represent longitude, latitude, and the local vertical, respectively. The governing equations for geophysical ocean waves are, cf. Pedlosky [18] , the Euler equation
coupled with the equation of mass conservation
and with the incompressibility constraint
Here t stands for time, ϕ for latitude, g = 9.81m s −2 is the (constant) gravitational acceleration at the Earth surface, and ρ is the waters density, while P is the pressure.
Since we restrict our attention to a symmetric band of width of about 250 km on each side of the equator, we neglect the variations of the Coriolis parameter and use the f -plane approximation. The justification and an in-depth discussion of the physical considerations for using f -plane approximation are presented in (Constantin [19] ). Within this regime, we replace
by
Consequently, the Euler equation (1) is replaced by
We work with a two-layer model: two layers of constant densities, separated by a sharp interface-the thermocline.
Let z = η(x, y, t) be the equation of the thermocline. We model the oscillations of this interface as propagating in the longitudinal direction at constant speed c with an underlying current U. The upper boundary of the region M(t) above the thermocline and beneath the near-surface layer L(t) to which wind effects are confined is given by z = η + (x, y, t). Beneath the thermocline the water has a constant density ρ + and is still: at every instant t we have u = v = w = 0 for z < η(x, y, t).
From (6) we infer that
for some constant P 0 . We are interested in the westward propagation of internal geophysical waves with vanishing meridional velocity (v ≡ 0) in the region M(t), and we do not address the interaction of geophysical waves and wind waves in the region L(t). We also neglect y-dependence. Throughout M(t) the water is assumed to have constant density ρ 0 < ρ + , the typical value of the reduced gravitỹ
being 6 · 10 −3 m s −2 ; cf. Fedorov and Brown [20] . Consequently, we seek travelling wave solutions (
in the region η(x − ct) < z < η + (x − ct), coupled with the incompressibility condition
and with the boundary condition
Moreover, we impose that the flow approaches a uniform current rapidly in the near-surface layer, that is
Main result
In this section, we will present the exact solution of the f -plane governing equation (6), describing internal waves travelling westward in the longitudinal direction, at a constant speed of propagation, in the presence of a constant current of strength U. For our solution, the Lagrangian positions (x, y, z) of fluid particles are given as functions of labeling variables (q, r, s) and time t by
where k is the wave number. The parameter q runs over the whole real line, while s ∈ [−s 0 , s 0 ], where s 0 = √ c 0 /β ≈ 250 km, cf. the discussion in Constantin [10] , is the equatorial radius of deformation. As for the label r, we require r ∈ [−r 0 , r 0 ], with the two positive numbers to be specified later on. The particle motion described by (12) imposes that the particles describe circles. This resembles the situation encountered in the flow discovered by Gerstner [21] ; see also the discussion in Constantin [22] , Henry [23] , Constantin [24] . This situation contrasts with that for the irrotational flow beneath a Stokes wave; cf. the discussion in Constantin [25] , Henry [26] , Constantin and Strauss [27] . This suggests a strongly sheared flow, an aspect that we discuss in Section 4 by describing the vorticity of the flow (12) . At every fixed s, Eqs. (12) represent the flow beneath a Gerstner wave propagating westward at a constant speed
so that (12) defines internal equatorial waves propagating westward. Note that for the case of c = [
]/k > 0, the internal equatorial waves propagating eastward also exist, which had been discussed by Constantin [10] in the β-plane approximation.
In order to verify that (12) 
Thus (3) holds in the Eulerian framework of a fixed observer. We require that r ≥ r *
for some r * > 0, to be specified later on. In Lagrangian variables, the kinematic boundary holds since, independently of the fixed value of s, the internal wave elevation is obtained by specifying a value of r (the label q being the free parameter of the curve representing the wave profile at this latitude). The flow (12) presents no variation in the meridional direction. We now write the Euler equation (6) as
The formulas (12) yield the velocity and acceleration of a particle as
respectively,
We see that (17) takes the form
The change of variables 
enables us to write (20)- (22) as
One can easily check that the gradient of the expression
with respect to the labeling variables is precisely the right-hand side of (24)- (26) .
Since r = r 0 corresponds to the thermocline z = η(x − ct), the expression (27) evaluated at the thermocline matches the boundary condition (10) if the dispersion equation
holds. Note that if U = c then (28) gives c = g /k, and the geophysical effects have no influence on the dispersion relation of the internal equatorial wave. We require c < 0 for the westward-propagating waves. This means that
Therefore the choice (12) and (13) yields a solution to (8)- (11), the thermocline being determined by setting r = r 0 , where r 0 is the unique solution of the equation
with
where γ =g − 2ΩU. The function
is a strictly increasing diffeomorphism from (0, ∞). This ensures that if
then we can find a unique solution r = r 0 > 0 of the equation in (30). Note that the even function
is strictly decreasing for r 0 > 0.
To complete the solution it remains to specify the boundary delimiting the two layers M(t) and L(t). This is obtained by choosing some fixed constants
and setting r = r + at any fixed value of s ∈ [−s 0 , s 0 ], where r + > 0 is the unique solution of the equation
The previous considerations show that P 0 determines a unique number r + > r 0 . We see that (16) holds with r * 0 = r 0 . This completes the proof that (12) is an exact solution to (8)- (11) . For fixed values of ρ 0 < ρ + , we have constructed a family of solutions with three degrees of freedom: the parameter k > 0 and the constants P 0 and P * 0 , subject to constraint (35).
Setting U = 0, our solution (12) particularizes to the solution described in Hsu [28] .
An important aspect of the solution is that there is no variation in the meridional direction. This is in stark contrast to the equatorially trapped solutions (Constantin [10] ), which were propagating eastward. Westward propagating waves are possible in our setting, but not in the setting of Constantin [10] , precisely because there are no variations in the meridional direction.
Discussion
We now investigate the vorticity of the flow (12) 
We note that since the current is constant, it does not influence the vorticity of the flow. The middle component of ω is always strictly negative, while the first and third components vanish. The vorticity contrasts with that of Constantin [10] .
